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Abstract

We! presert a newactor-critic learning model
in which a Bayesian classof non-parametric
critics, using Gaussianprocesstemporal dif-
ferencelearning is used. Sud critics model
the state-action value function as a Gaus-
sian process,allowing Bayes' rule to be used
in computing the posterior distribution over
state-action value functions, conditioned on
the obsened data. Appropriate choices of
the prior covariance (kernel) between state-
action values and of the parametrization of
the policy allow us to obtain closed-form
expressionsfor the posterior distribution of
the gradient of the averagediscourted return
with respect to the policy parameters. The
posterior mean, which servesas our estimate
of the policy gradiert, is usedto update the
policy, while the posterior covariance allows
us to gaugethe reliabilit y of the update.

1. Intro duction

Actor-Critic (AC) algorithms, rst proposedby Barto
et al. (1983), borrow elemerns from the two major
families of Reinforcemen learning (RL) algorithms.
Borrowing from value-function basedmethods, a value
function estimate is maintained (the critic). Asin pol-
icy basedmethods, an actor maintains a separatelypa-
rameterized stochastic action-selection policy. While
the role of the actor is to selectactions, the role of the
critic is to evaluate the performanceof the actor. This
evaluation is usedto provide the actor with a signal
that allows it to improve its performance,typically by
updating its parametersalong an estimate of the gra-
dient of somemeasureof performance,with respect to
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the actor's parameters. When the represertations used
for the actor and the critic are compatible, in a sense
explained below, the resulting AC algorithm is simple,

elegart and provably convergert to a local maximum

of the performance measureusedby the critic (under

appropriate conditions) (Sutton et al., 2000; Konda &

Tsitsiklis, 2000).

Current AC algorithms are basedon parametric crit-

ics that are updated to optimize frequertist tness

criteria.  For instance, TD( ) - a commonly used
critic, usesa linear combination of xed basis func-
tions to approximate the value function. In this case
the critic's parametersare the linear combination co-
e cien ts? (Sutton & Barto, 1998;Bertsekas& Tsitsik-

lis, 1996). By \frequentist" we mean algorithms that

return a point estimate of the value function, rather

than a complete posterior distribution computed using
Bayes'rule. TD(1), for instance, may be shown to re-
turn a maximum likelihood (ML) estimate of the value
function, basedon a linear-normal statistical model
(Engel, 2005).

In Sutton et al. (2000) and Konda and Tsit-

siklis (2000) it was shown that if the policy be-
longgto an exponertial family, that is (a;x; ) =

exp( i":l i i(x;a))=Z(x; ), it is only necessary
that the critic learns an estimate of the projection

of the (state-action) value function on the span of
fi( )gi”:l , rather than an estimate of the value func-
tion itself, without introducing bias in the gradient

estimate. Notwithstanding, it is noted in Konda and
Tsitsiklis (2000) that in practice it may prove advan-
tageousto allow the critic to seard in a higher dimen-
sional spacethat contains span(f ( )gi”:l) asaproper
subset. This may help in reducing the variance of the

gradient estimate, aswell asimproving the stability of
the resulting algorithm.

A Bayesian class of critics, based on Gaussian pro-
cesse$GPs) hasbeenrecertly proposedby Engelet al.

2TD( ) may beusedwith other function approximation
schemes, however its convergenceis not guaranteed then.
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(2003); Engel et al. (2005); Engel (2005). By their
Bayesian nature, these algorithms return a full poste-
rior distribution over value functions. Moreover, while
these algorithms may be used to learn a parametric
represenation for the posterior, they are generally ca-
pable of searting for value functions in an in nite-

dimensional Hilb ert spaceof functions, resulting in a
non-parametric posterior.

In this paper we proposean AC algorithm that incor-
porates a GP temporal-di erence (GPTD) algorithm
asits critic. However, rather than merely plugging-in
our critic into an existing AC algorithm, we show how
the posterior momerts returned by the GPTD critic
allow usto obtain closed-formexpressionsfor the pos-
terior momernts of the policy gradient. This is made
possible by utilizing the Fisher kernel as our prior
covariance kernel for the GPTD state-action advan-
tage values (Shawe-Taylor & Cristianini, 2004). This
is a natural extension of the Bayesian policy gradient
(BPG) approadc proposedin (Ghavamzadeh& Engel,
2007). Howewer, in BPG the basic obsenable unit,
upon which learning and inferenceare based,is a com-
plete trajectory. The Bayesian AC (BAC) approad
proposedheretakesadvantage of the Markov property
of the system trajectories and usesindividual state-
action-reward transitions asits basic obsenable unit.
This helps reduce variance in the gradient estimates,
resulting in steeper learning curveswhen comparedto
BPG and the classicMonte-Carlo approad.

2. Preliminaries

Reinforcemen Learning (RL) (Bertsekas & Tsitsik-
lis, 1996; Sutton & Barto, 1998)is a classof learning
problemsin which an agen interacts with an unfamil-
iar, dynamic and stochastic environment, where the
agert's goal is to optimize somemeasureof its long-
term performance. This interaction is corvertionally
modeled as a Markov decision process (MDP). Let
P (S) be the set of probability distributions on (Borel)
subsetsof a setS. A MDP is a tuple (X;A;q;P;Pg)
where X and A are the state and action spaces,re-
spectively; g(ja;x) 2 P(R) is the probability distribu-
tion over rewards; P(ja;x) 2 P(X) is the transition
probability distribution; (we assumethat P and g are
stationary); and Pg() 2 P(X) is the initial state dis-
tribution. We denote the random variable distributed
accordingto q( ja;x) by R(x;a). In addition, we need
to specify the rule accordingto which the agert selects
actions at ead possible state. We assumethat this
rule doesnot depend explicitly on time. A stationary
policy (jx) 2 P(A) is a probability distribution over
actions, conditioned on the current state. The MDP

cortrolled by the policy induces a Markov chain
over state-action pairs z; = (X¢;at) 2 Z = X A,
with a transition probability density P (zijz; 1) =
P(X¢jxt 1;a¢ 1) (aijx¢), and an initial state density
Py (zo) = Po(xo) (aojxo). We generically denote by

= (z0;21;::5zr) 2 , T 2 f0;1;:::;1g , a path
generatedby this Markov chain. The probability (den-
sity) of such a path is given by

Pr( j )=Po(z0) P (zize 1): @
t=1
P
We denoteby () = tT:O 'R(x¢;a¢) the (possibly

discourted, 2 [0;1]) cumulative return of the path
() is a random variable both becausethe path is
a random variable, and becauseeven for a given path,
ead of the rewards sampledin it may be stochastic.
The expectedvalue of ( ) for a given is denotedby
(). Finally, let us de ne the expected return,
Z

()=EC(H= ()Pr(j)d: @)

Let usde ne the t-step state-action occupancydensity
and the state-action value function, respectively:

Z

P, (z¢) = dzo:::dz; 1P, (20)

z 4=t
'R(z)jzo = z
t=0

P (zijzi 1);

Q) =E

It can be shawvn that under certain regularity condi-
tions (Sutton et al., 2000),
z
()= , dz  (2)R(2); 3
where R(z) is the mean reward for the state-action
pair z, and
R i
(2) = Pi (2)
i=0
is a discourted weighting of state-action pairs. Inte-
grating a out of  (x;a) resultsin thgxcorresponding
discourted weighting of states (x) = , da (x;a).

In AC methods, onede nes a classof smoothly param-
eterized stochastic policiesf (jx; );x 2 X; 2 g.
Algorithms typically estimate the gradient of the ex-
pected return (2) with respect to the policy param-
eters from obsened system trajectories, and then
improve the policy by adjusting its parametersin the
direction of the gradient. The policy gradient theorem
(Marbach, 1998, Prop. 1, Sutton et al., 2000, Thm. 1,
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Konda & Tsitsiklis, 2000, Thm. 1) statesthat the gra-
dient of the expectedreturn ( )= ( (j; )) isgiven
by

z

r () dxda (xX)r
ZZ
dz (2)r
z

(ajx; )Q(x;a)  (4)

log( (ajx; )) Q(2):

Moreover, by making two additional assumptionswe
may replace the exact (but unknown) state-action
value function Q(z) in (4) by an approximate state-
action value function &(z) (Sutton et al., 2000,
Thm. 2, Konda & Tsitsiklis, 2000):

Assumption 1 (Compatibilit y) Supmsethat O(z)
is parametrized by a vector w of n parameters,

e, Q@) = Qzw), then r O(x;a;w) =
r log( (ajx; )).
Assumption 2 (Pro jection) A(z;w) is the projec-

tion of Q(z) onto the space f Q(z;w)jw 2 R"g, with
resgct to a weightal Lz—nornh weightal by (2).

In other words, w minimizes , dz 2)[O(z;w)
Q(2)1.
Under these assumptionswe have
Z
ro ()= _dz (2r log( (ajx; ) Qzw): (5)

z

A cornveniert choice that ensures compatibility be-
tween the policy and the stgte-action value repre-
serations is (ajx; )=exp [, (27 =2Z(x; ),
and Q(z;w) = W>  (2) Eajx (2) + B(x), where
Eajx[1= ,da (ajx; )], andb: X ! R an arbi-
trary function that doesnot depend on w. Note that
Eaij(Z;W) = b(X), since Eajx (Z) Eajx (Z) =
0. This means that if Q(z;w) approximates Q(z)
then b(x) must approximate the value function
V(x). The term A(z;w) = O(z;w) bx) =
w”  (z) Eajx (z) approximates the advantage
function A(z) = Q(z) V(x) (Baird, 1993).

3. Bayesian Actor-Critic

In Ghavamzadehand Engel (2007) a classof Bayesian
policy gradient algorithms is proposed. In that paper
the gradient of the expectedreturn is expressedas

z

rO= O

Pr( ) Pr( ; )d; (6)

where samples of ( ) are obtained by observing
complete trajectories from initial state to terminal

state in an episalic setting. The term —rpf('(;;)) =

P
tT:Ol r log (atjxt; ) may be computed using only

the (known) policy . In one of the Bayesian policy
gradient models proposed there (Model 2), the ()

term is modeled as a Gaussianprocess. Its posterior
momerts are then evaluated by conditioning on the
obsened returns of complete trajectories, essetially

amounting to GP regressionon these returns. Since
the transformation from ( )tor () is performed
by a linear integral operator, the posterior distribu-

tion of r () is also Gaussian, and for an appro-
priate choice of a prior covariance kernel k( ; 9 =

Cov[ (); (Y], closed-formexpressionsfor the pos-
terior momerts are obtained. It should be noted that,

sincethe models and algorithms of Ghavamzadehand
Engel (2007) considercomplete tra jectories as the ba-
sic obsenable unit, they do not require the dynamics
within ead trajectory to be of any specic form. In

particular, it is not necessaryfor the dynamicsto have
the Markov property, allowing the resulting algorithms
to handle partially obsenable MDPs, Markov games
and other non-Markovian systems. On the down side,
thesealgorithms can not take advantage of the Markov
property in systemsthat have this property.

In this paper we start instead with the expressionfor
the policy gradient given in Eq. 4. We will place
a GP prior over state-action value functions using a
prior covariance kernel de ned on state-action pairs
k(z;z9 = Cov[Q(z);Q(z9]. We will then compute
the GP posterior, conditioned on the sequenceof in-
dividual obsened transitions. Again, by an appropri-
ate choice of kernel we will be able to get closed-form
expressionsto the posterior momerts of r (). For-
tunately, well developed machinery for computing the
posterior momerts of Q(x;a) is provided in a seriesof
papers by Engel et al. (2003); Engel et al. (2005) (for
a thorough treatment seeEngel, 2005).

Let us briey review some of the main results per-
taining to the Gaussian processtemporal di erence
(GPTD) model proposedin Engel et al. (2005). The
GPTD modelis basedon a statistical generative model
relating the obsened reward signal R to the unob-
sened state-action value function Q.

R(zi) = Q(z) Qzi+1)+ N(zi;ziv):  (7)
N(zi;zj+1) is a zero-mean noise signal that ac-
courts for the discrepancybetweenR(z;) and Q(z;)

Q(zj+1). Let us de ne the nite-dimensional pro-
cesseRRt, Qi, N andthet (t+ 1) matrix Hy:

Ny = (N(z0;21);::0N(ze 1320) 7 (8
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0
: z: ©)

as
Rt 1= H{Q¢ + Ni: (10)

Under certain assumptionson the distribution of the
discourted return random process(Engel et al., 2005),
the covariance of the noisevector N; is given by

¢ = 2H(HY (11)
2 3
1+ 2 0 ::: 0
§ 1+ 2 o 0 z
0 0 T 1+ 2

In episddic tasks, if z; ;1 is the last state-action pair
in the episade (that is, x; is zero-reward absorbing
terminal state), H; becomesa squaret t invertible
matrix of the form (9) with its last column removed.
The e ect on the noise covariance matrix ¢ is that
the bottom-right elemert becomesl instead of 1+ 2.

Placing a Gaussianprocessprior on Q and assuming
that N is alsonormally distributed, we may useBayes'
rule to obtain the posterior momerts of Q:

Qi(2) = E[Q(2)Di] = ki(2)” 1
$(z;2% = Cov [Q(2); Q(z9D¢]
= k(2,29  ke(2)” Cike(29;

(12)

where D denotesthe obsened data until and includ-
ing time t. We usedhere the following de nitions:

Kt = [Ke(zo) Kke(z1); 11 ke (2]
= Hy HKH{ + ¢ 1Rt 1
1
Ct t Ht:

Hf H(K{H{ + (13)
We are now in a position to describe the main
idea behind our BAC approach. Making use of the
linearity of Eq. 4 in Q, and denoting g(z; ) =

(2)r log( (ajx; )), we obtain the following ex-
pressionsfor the posterior momerts of the policy gra-
dient (O'Hagan, 1991):
Z

dzg(z; )Qi(2);
ZZ

dzdz%(z; )Si(z:299(2" )
Z?2

Elr  jD:= (14)

Cov[r |D¢]=

Substituting the expressiondor the posterior momerts
(12) into Eq. 14, we get
z

E[r jD¢{]= Zdzg(z; ki (2)” ¢ (15)

C iD]=
, Covlr iDi]

dzdz%(z; ) k(z;29 ki(2)” Cike(29 9(z% ):
ZZ

The equations above provide us with the generalform
of the posterior policy gradient momernts. We are now
left with a computational issue; namely, how to com-
pute the integrals appearing in these expressionsWe
needto be able to evaluate the following integrals:
Z

dzg(z; )ki(2)”;
ZZ

dzdz%(z; )k(z:299(z" )™

72

U (16)

Y
Using thesede nitions we may write the gradiernt pos-
terior momerts compactly as
E[r jDd= Ut ¢
th]:V UtCtU?:

(17)
Cov|r

In order to rendertheseintegrals analytically tractable
we chooseour prior covariance kernelto be the sum of
an arbitrary state-kernel ky and the (invariant) Fisher
kernel ke betweenstate-action pairs (Shawve-Taylor &
Cristianini, 2004, Chap. 12). More speci cally, let us
denote the soore vector and the Fisher information
matrix corresponding to the policy (j; ), respec-
tively by

(18)
(2)u(2)u(z)”:

u(z)=r log( (ajx; )):Z
G=E, u(2u(z> = dz
z

It is readily veried that E,ju(z) = 0.

The (policy dependert) Fisher information kernel and
our overall state-action kernel are then given by

ke (z;2% = u(z)”> G u(zY;
k(z; 29 = ky(x;x9 + ke (z;29;

respectively. A nice property of the Fisher kernel is
that while kg (z;z% dependson the policy, it is invari-
ant to policy reparameterization. In other words, it
only dependson the actual probability massassigned
to ead action, and not on its explicit dependenceon
the policy parameters.

(19)

As merntioned above, another attractiv e property of
this particular choice of kernel is that it renders the
integrals in (16) analytically tractable. It is a matter
of basic (but tedious) algebrato prove the following:
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Prop osition 1 Letk(z;z% = ke (x;x% + kg (z; 29 for
all (z;z9 2 22, wher ky, : X2 ! R is an arbitrary
positive de nite kernel function. Then U; andV from
Eq. 16 satisfy

(20)

An immediate consequenc®f Proposition 1 is that, in
order to compute the posterior momens of the pol-
icy gradient, we only needto be able to evaluate (or
estimate) the scorevectorsu(z;) and the Fisher infor-
mation matrix G of our policy.

A corvenient, as well as rather exible choice for a
spaceof policies to conduct our seard in is a para-
metric exponertial family. Namely,

>

exp (x;a)

1
Z ) (21)
R : :
where Z (x) = , daexp (x;a) is a normaliz-
ing factor, referred to asthe partition function. It is
easyto show that

(ajx; )=

>

u(z) = (x;a) Eax[ (x;a)]: (22)
We are now left with the problem of evaluating u(z)
and G. For MDPs with a nite action space A,
the expectation E,j, degeneratesinto a sum, which
may be performed in time linear in the number of
actions. If jAj is innite, we may still be able
to compute the expectation in certain cases. For
instance, if A = R and the policy features are

(2) = (s1(x)a;sz(x)a?)”, then (ajx; ) isaunivari-
ate normal probability density with state-dependen

meanm(x) = s;(x)=(2s2(x)) and variance ?(x) =
1=(2s,(x)). The score vector is therefore u =
a m(x):;a2 mx)?  2(x) .

Evaluating the Fisher information matrix G is some-
what more challenging, since on top of taking the
expectation w.rt. the policy (ajx; ), comput-
ing G involves an additional expectation over the
state-occupancy density (x), which is not gener-
ally known. In most practical situations we there-
fore have to resort to estimating G from data. One
straightforward method is to estimate G from atrajec-

Proposition 1 for the de nition of U;):

1 X .1
1 u(zi)u(zi) o]

G = UiU7:  (23)
Alg. 1 is a pseuda:ode sketch of the Bayesian actor-
critic algorithm, using either the regular or the natural
gradient in the policy update, and with G estimated

using G;.

Algorithm 1 Bayesian Actor-Critic
1. BAC( ;M;")
initial policy parameters

M > 0 episadesfor gradient evaluation
" > 0 termination threshold

2: done = false

: while not done do

4: Run GPTD for M episades. GPTD
returns ¢;C;U; Gy (13, 20, 23)

w

5: = U  (regular gradient) or
= G, U, { (natural gradiert)

6: =+

7. ifj j<"then done= true

8: end while

9: return

4. Theory

We can glean some useful insights into the BAC
algorithm by represening our statistical model in a
dierent, but equivalent form. The ideais to de ne a
hybrid prior for the state-action GP, Q = V + A. The
prior over value functions V will be non-parametric,
while the prior over advantage functions A will be
parametric. Denote by GP(S) the set of GPs indexed
by the setS. Let (2) = u(z) = r log( (ajx; )),
setQ(z) = V(x) + A(z) = V(x) + W> (z), where
W is a random vector with a prior distribution
W N(0;G 1). Let V 2 GP(X) be a GP with
prior mean E[V(X)] = 0 and prior covariance
CoVv[V(x);V(x9] = ky(x;x9, and further let W and
V be a priori uncorrelated (and therefore indepen-
dert), i.e., Cov[W;V(x)] = O for all x 2 X. Then,
Q 2 GP(z) is a GP with a prior mean E[Q(z)] = O
and a prior covariance k(z;z% = Cov [Q(2); Q(z9] =
Cov[V(x);V(x9] + (z’E WW> (29 =
ke (X;X9 + u(2)>G (29 = ky(x;x9 + ke (z;29.
This alternative view of our original model leads to
the following result.

Prop osition 2 Let the conditions in Proposition 1
hold, and let Q(z) = V(x) + W~ u(z), then Assump-
tion 1 holds.

Pro of For any instantiation w of W we have
rwQ(z;w) = u(z) =r log( (ajx; )).

Let us review the GPTD statistical model in this hy-
brid represenation. The model equationsare given by
Eqg. 7. Using the de nitions in (8, 9), the normality of
the noisevector N; and the noisecovariance from (11)
we may write the joint (normal) distribution of W and
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V (x), conditioned on R; 1:

W Wt . Sw;  Swv
V(X) | Rt 1 h(x) T Swvi S

where, using the de nitions in (13),

We=G U ¢ %x)=Kk'(X) ¢
Sw=0G 1 G lUtCtUtG l;
swiX)= G U{Ck}(x);

sv(X) = ke (X;%)  k{(x)” Cikg (x);

andK;= KX+ U; G U; (usedin  and Cy).

First, we obsene that we are getting separate esti-
mates for the value function (¥;(x)) and the advan-
tage function (A(z) = W;> u(z)), the sum of which is
an estimate of the state-action value function O;(x) =
Vi (x) + W u(z). We are alsogetting con dence mea-
sures on these estimates via the posterior variance
sy(x) of V(x) and the posterior varianceu(z)” Sy u(z)
of A(z). Also note that, although V and A are a priori
uncorrelated, they do not remain so in the posterior,
as sy (x) is not generally zero. Another interesting
obsenation is that W, is the posterior meanof the nat-
ural gradient of ( ) { an analogousresult to Thm. 1
in Kakade (2002).

It isinstructiv e to investigate how the form of the pos-
terior momernts is in uenced by making the approxi-
mation of replacing G with &;. Let us start with the
posterior mean (seeEq. 13 and 17).

E[r ()iDt= Uy ¢

SUH HKHI + ¢ 'Ry

=Uy H *HKe+1 ‘HZ ('R s

=Ug 1 Ky o+ 20 PH 'R o

=U; 1 KX ,+U7,G MUy 1+ 21 "H 'R 1
U 1 KX +tPy+ 21 “H 'R :

The 2nd line follows from Eq. 13, the 3rd is algebra,
the 4th assumeghat t 1 isthe last stepin an episade
and therefore 1 = H “H, = 2, the 5th substi-
tutesKy 1= K¥ ;+U;7 ;G U, ;whereK} ;isthe
kernel matrix correspondingto ky and U7 ;G U; ;
is the kernel matrix corresponding to kg . The last line
is the result of replacing G with its estimator G; ;.
Py = U7 1(Uy 1U7 ;) U¢ 4 isthe projection oper-
ator on the spanof fu(zi)g -4 .

As was pointed out in Engel et aI.P (2005), the i-th

element of H, 'Ry 1= Yris(Yi)i = Jt:.l 0 YR(z).

Therefore, E[r  ( )jD¢] is obtained by applying GP
regressionto samplesof the discourted return, using
the kernel matrix K¥ ; + tP, and with U, ; applied

to the result. Taking the limit K¥ ;! 0, leavesus
with
El ()iDd 2+t "Ug 1H 'R
X1
=( 2+ u@Mi

i=0

which is just a regularized (by the 2 term) version of
the standard Monte-Carlo estimatesforther () as
in Algorithms 1 and 2 of Baxter and Bartlett (2001).

Analogous analysis of the posterior covariance yields

Cov[r ()iD{d=G: UCiU{

=Gy UH; HKH] + lHtUt>
=Gy U H HK+1 “H? [ HU;

=Gt 1 Uy g Ky g+ 2 1Ut>1
Gi1 U1 KEg+tPy+ 2 1Ut>l

Taking again the limit K{ ;! 0, resultsin

. 1
Covlr ()iDJ Gy t+ Ui 1U7
2
= ﬁét 1,

which decays to 0 as 1=t.

5. Exp erimen ts

In this section, we comparethe Bayesian Actor-Critic
(BAC), BayesianQuadrature (BQ), and Monte-Carlo
(MC) gradient estimatesin a 10-state random walk
problem. We also evaluate the performance of the
BAC algorithm (Alg. 1) on the random walk prob-
lem, and compareit with a MC-based policy gradiert
(MCPG) algorithm (Baxter & Bartlett, 2001,Alg. 1),
aswell asa Bayesianpolicy gradient (BPG) algorithm
(Ghavamzadeh& Engel, 2007, Alg. 2).

In the 10-state random walk problem, X =
f1;2;:::;10g, with statesarrangedlinearly from state
1 on the left to state 10 on the right. The agert has
two actions to choosefrom: A = fright; leftg. The
left wall is a retaining barrier, meaningthat if the left
action is taken at state 1, in the next time-step the
state will be 1 again. State 10is a zeroreward absorb-
ing state. The only stochasticity in the transitions is
induced by the policy, which is de ned as (rightjx) =
1=1+exp( «)and (leftjx)=1 (rightjx) for all
x 2 X. Note that ead state x hasan independert pa-
rameter . Each episade beginsat state 1 and ends
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when the agert reachesstate 10. The meanreward is
1 for states 1{9 and is O for state 10. The obsened
rewards for states 1{9 are obtained by corrupting the
meanrewards with a 0.1 standard deviation IID Gaus-
sian noise. The discourt factor is = 0:99.

We rst compare the BAC, BQ1, BQ2, and MC es-
timates of r () for the policy induced by the pa-
rameters y = log(4) for all x 2 X, which is equiv-
alert to (rightjx) = 0:8. The BQ1 and BQ2 gra-
dient estimates were calculated using Model 1 and
Model 2 from Ghavamzadehand Engel (2007), respec-
tively. We useseveral di erent samplesizes,measured
by the number of episadesusedin estimating the gra-

we compute the gradiernt estimates 10° times, using
the samedata for all algorithms. The true gradiert is
calculated analytically for reference.

Fig. 1 shows the mean absolute angular error of the
MC, BQ1, BQ2, and BAC estimates of the gradiert
for seweral di erent samplesizesM . The absolute an-
gular error is the absolute value of the angle in de-
grees between the true gradient and the estimated
gradiert. In this experiment, the BAC gradiernt es-
timate was calculated using a Gaussian state kernel
ke (x; X9 = exp(ji x xY9j2=(2 2)), with = 3, and
state-action kernel 0:01kg (z;z9. The results depicted
in Fig. 1 indicate that the BAC gradien estimatesare
more accurate and have lower variance than their MC
and BQ cournterparts. We repeatedthis experiment by
averaging over 10° dierent policies (instead of aver-
aging over 10° runs of one policy) and the results were
similar to those shawvn in Fig. 1, albeit with wider er-
ror bars. For lack of spacewe do not include these
results here.
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Figure 1. The mean absolute angular error of the MC,

BQ1, BQ2, and BAC gradient estimations as a function

of the number of sample episodesM . All results are aver-

aged over 10° runs.

Next, we use BAC to optimize the policy parameters
in the samerandom walk MDP. We comparethe per-
formanceof BAC with a MCPG algorithm and a BPG
algorithm, for M = 1, 5 and 20. The BPG algorithm
usesModel 1 from Ghavamzadeh and Engel (2007).
We use Alg. 1 with the number of policy updates set
to 500 and the same kernels as in the previous ex-
periment. The Fisher information matrix is estimated
using & from Eq. 23. The returns obtained by these
methods are averagedover 100 runs.

For a xed samplesizeM , eadh method starts with an
initial learning rate and decreasest accordingto the

schedule { = ¢ =( ¢+ t). Wetried many valuesof
the learning rate parameters( o; ) for MCPG, BPG,

and BAC, and those in Table 1 yielded the best per-
formance. ;= 1 meansthat we useda xed learn-
ing rate o for that experimert. Note that the learn-
ing rates usedby the BAC algorithm are much larger
than those usedby the MCPG algorithm. This seems
to be due to the fact that the BAC gradient estimates
are more accurate than their MC counterparts. Since
BPG is a path-basedalgorithm, the magnitude of the

estimated gradients and therefore the learning rates
usedby BPG arein a di erent range than those esti-
mated and usedby the MCPG and BAC algorithms.

0, ¢ M=1 M =5 M = 20
MCPG | 0:25; 1 1:75; 100 3;1

BAC 5;1 20; 100 50; 50
BPG 0:01; 250 | 0:01; 500 | 0:05; 1

Table 1. Valuesof the learning rate parameters usedby the
algorithms in the experiments of Fig. 2.

Fig. 2 depicts the results of these experiments. From
left to right the sub- gures correspond to the experi-
ment in which all algorithms usedM =1, 5 and 20 tra-
jectories per policy update, respectively. Each curve
depicts the di erence betweenthe exact average dis-
counted return for the 500 policies that follow eadth
policy update and { the optimal averagediscourted
return. All curvesare averagedover 100repetitions of
the experiment. The BAC algorithm clearly learnssig-
ni cantly faster than the other algorithms (note that
the vertical scaleis logarithmic).

6. Discussion

In this paper we preseried a new Bayesian take on
the familiar actor-critic architecture. By using Gaus-
sian processesand choosing their prior distributions
to make them compatible with a parametric family
of policies, we were able to derive closed-formexpres-
sions for the posterior distribution of the policy gra-
dient updates. The resulting algorithm addresseshe
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Figure 2. Results for the policy learning experiment. The graphs depict the performance of the policies learned by eat
algorithm during 500 policy update steps. From left to right the number of episodes used to estimate the gradient is
M = 1, 5and 20. All results are averaged over 100 independert runs.

main limitation of the Bayesian policy gradient algo-
rithms of Ghavamzadehand Engel (2007), which stems
from them ignoring the Markov property of the sys-
tem dynamics (when the systemis indeed Markovian).
This seemsto be borne out in our experimerts, where
BAC provides more accurate estimates of the policy
gradient than either of the two models proposed in
Ghavamzadehand Engel (2007), for the sameamount
of data.

As wasdonein the algorithms proposedin Engel et al.
(2003); Engel et al. (2005); Ghavamzadeh and En-
gel (2007), the BAC algorithm can also be derived in
a sparseform, which would typically make it signi -
cartly more time and memory e cien t. For want of
spacewe are not able to present a sparsevariant of
BAC here.

Additional experimental work is required to investi-
gate the behavior of BAC in larger and more realistic
domains, involving cortinuous and high-dimensional
state spaces. The second-order statistics obtained
from BAC are sofar still unused. One interesting di-
rection for future researd would be aimed at nding
a way to usethe posterior covariance in determining
the sizeand direction of the policy update.
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