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Abstract
Markov decision processes are an effective tool
in modeling decision-making in uncertain dynamic environments. Since the parameters of
these models are typically estimated from data,
learned from experience, or designed by hand,
it is not surprising that the actual performance
of a chosen strategy often significantly differs
from the designer’s initial expectations due to
unavoidable model uncertainty. In this paper,
we present a percentile criterion that captures
the trade-off between optimistic and pessimistic
points of view on MDP with parameter uncertainty. We describe tractable methods that take
parameter uncertainty into account in the process
of decision making. Finally, we propose a costeffective exploration strategy when it is possible
to invest (money, time or computation efforts) in
actions that will reduce the uncertainty in the parameters.

1. Introduction
Markov decision processes (MDPs) are an effective tool
in modeling decision-making in uncertain dynamic environments (e.g., Putterman, 1994). Since the parameters
of these models are typically either estimated from data,
learned from experience or designed by hand, it is not surprising that, in some applications, unavoidable modeling
uncertainty often causes the long term performance of a
strategy to significantly differ from the model’s predictions
(refer to experiments by Mannor et al., 2007). For this reason, criteria that address parameter uncertainty in general
and specifically in MDPs are of interest (e.g., Silver, 1963;
Ben-Tal & Nemirovski, 1998).
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To date, most efforts have focused on the study of robust
MDPs (e.g., Givan et al., 2000; Iyengar, 2005; Nilim & El
Ghaoui, ), a framework in which one makes the assumption
that parameters can only lie in a bounded uncertainty set.
Although this formulation for the MDP problem remains
tractable under mild conditions, it suffers from relying on
the union bound for bounding probabilistic events1 and often generates overly conservative strategies.
In this paper we offer a more practical way of handling uncertainty in the parameters. Following some recent work
by Mannor et al. (2007) that studied the effect of parameter
uncertainty on the mean and variance of value function estimates, we consider the parameters as random variables and
take a Bayesian point of view on the question of decisionmaking when faced with this extra layer of uncertainty in
the MDP model. The Bayesian framework naturally leads
to a performance measure we call the percentile criterion,2
which is both conceptually natural and representative of
the trade-off between optimistic and pessimistic strategies
when facing parameter uncertainty. Unlike robust methods, our approach reasons directly about the effect of this
uncertainty on the total cumulative reward itself. This in
turn leads to the notion of a cost-effective exploration strategy when given the option to invest in the reduction of this
uncertainty.
The percentile criterion (or chance constraint) that is
widely studied for single-period optimization problems
(e.g., Charnes & Cooper, 1959; Prékopa, 1995; Calafiore
& El Ghaoui, 2006) will be generalized in Section 2 to
infinite-horizon MDPs. Although general percentile optimization problems are suspected to be “severely computationally intractable” (Nemirovski & Shapiro, 2006),
1
As the size of the state space grows, one needs to consider
larger uncertainty sets for each parameters to accommodate a
probabilistic constraint.
2
Note that Filar et al. (1995) introduced the percentile criterion as a risk-adjusted performance measure for “average reward”
MDPs. However, their study did not address the question of parameter uncertainty.
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in Section 3 we demonstrate that the problem of reward
uncertainty can reduce to a deterministic second order
cone program (c.f ., Lobo et al., 1998) and that transition uncertainty can be addressed approximately. Section 4 presents a proposed cost-efficient strategy for the
exploration-exploitation dilemma in the context of MDPs
with non-negligible observation costs and compare its performance against popular exploration schemes.

2. Background
In the context of an MDP with parameter uncertainty, current methods either disregard parameter uncertainty, or prepare for the worse case. Our research focuses on a criterion
that trades off between the two conflicting views.
2.1. The Nominal MDP Problem
We consider an infinite horizon Markov decision process
described as follows: a finite state space S with |S| states, a
finite action space A with |A| actions, a transition probability matrix P ∈ R|S|×|A|×|S| with P (s, a, s0 ) = P(s0 |s, a),
an initial distribution on states q, and a reward vector
r ∈ R|S| . For reasons of tractability, we will limit our
attention to the set of mixed stationary Markov policies,
which is denoted by Υ. When considering an infinite horizon, an optimal discounted reward stationary policy π is a
solution to the following optimization problem:
max.
π∈Υ

P∞
Ex ( t=0 αt r(xt )|x0 ∝ q, π) ,

becomes:
max.

min

π∈Υ P ∈P,r0 ∈R,r1 ∈R,...

∞
X
αt rt (xt )|x0 ∝ q, π) . (1)
Ex (
t=0

There are two types of uncertainty that are of interest. In
the first type, termed fixed uncertainty, r and P are drawn
once and remain fixed for all time steps. In the second type,
termed repeated uncertainty, r and P are repeatedly drawn
from their feasible set at each time step. In both cases, the
optimal policy π ∗ for Problem (1) can be found efficiently
(see Nilim & El Ghaoui, ).
2.3. The Percentile MDP Problem
Consider a Bayesian setup where the random reward vector
r̃ and random transition matrix P̃ are known to be independent and have joint probability distribution functions f (r̃)
and f (P̃ ) respectively. In such a scenario, unless the distributions are supported over a “small” bounded subset of
their domain, formulating Problem (1) with R = {r|f (r) 6=
0} and P = {P |f (P ) 6= 0} is no longer pertinent (e.g., if
r̃ ∝ N (µr̃ , Σr̃ ), then R = R|S| and (1) is −∞). Even if the
optimization is performed over a restricted bounded subset
(e.g., ellipsoids representing a 95% confidence), there is
no clear method to select this uncertainty set since the real
concern is the level of confidence in the total cumulative
reward and not in the individual parameters. Instead, it is
much more relevant to express the risk adjusted discounted
performance of an uncertain MDP in the following percentile form:

where α ∈ [0, 1) is the discount factor.3
The nominal problem is known to be easily solvable using value iteration. However, it does not take into account
any uncertainty in the choice of the parameters P and r.
In practice, this uncertainty is unavoidable and using the
most likely (or expected) parameters can actually lead to
a significant bias in the performance of the chosen policy
(see Mannor et al., 2007).
2.2. The Robust MDP Problem
The most common approach to account for uncertainty in
the parameters of an optimization problem is to use robust
optimization. This framework assumes that the uncertain
parameters are constrained to lie in a given set (hopefully
convex) and optimizes the worse case scenario over this set.
In the case of discounted reward MDP, where the rewards
rt for each time step and the transition matrix P are known
to lie in a set R and P respectively, the robust problem thus
3

Although our analysis will consider the case where the reward only depends on the current state, the results presented in
this work can easily be extended to a reward function of the form
r(s, a, s0 ). They can also be extended to the average reward criterion.

max.

y∈R,π∈Υ

sub. to

y

(2a)

P∞
P (E( t=0 αt r̃t (xt )|x0 ∝ q, π) ≥ y) ≥ η , (2b)

where the probability P is the probability of drawing the
reward vector r̃t for each time step independently from
f (r̃t ) and the transition matrix P̃ from f (P̃ ), and where
E(·|x0 ∝ q, π) is the expectation of the trajectory given a
concrete realization of r̃ and P̃ , a policy π, and a distribution of the initial state q. For a given policy π, the above
percentile problem gives us an η guarantee that π will perform better than y ∗ , the optimal value of Problem (2), under the influence of r̃ and P̃ . Note that, when η = 1,
Problem (2) and Problem (1) are equivalent; thus, 1 − η
is a measure of risk of the policy doing worse than y ∗ . In
what follows, we will present the details from a Bayesian
point of view in order to preserve the clarity of our derivations. However, frequentist extensions follow naturally as
in Mannor et al., 2007. Section 3 will initially focus on how
to find an optimal policy to Problem 2 with either reward
or parameter uncertainty. Later, in Section 4, the percentile
criterion will be used to guide exploration.
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3. Decision Making under Parameter
Uncertainty
We first present solution methods for the percentile problem with fixed uncertainty.4 Under the assumption of Gaussian rewards, solving the percentile MDP is not harder than
solving the nominal MDP. We will then present a second
order approximation for the problem of transition uncertainty with Dirichlet priors. Because of space constraint,
we refer the reader to a full version of this paper for proofs
and extensions of the presented solution methods to other
distributions.
3.1. The Case of Reward Uncertainty
The Gaussian assumption on reward uncertainty, r̃ ∝
N (µr̃ , Σr̃ ), is a standard assumption in many applications
as it allows the modeling of correlation between the reward
obtained in different states. In what follows, we will show
that finding an optimal stationary policy for the problem
of maximizing the η-percentile of the total expected discounted reward (i.e., Problem 2) under fixed Gaussian uncertainty in the reward can be explicitly expressed as a second order cone program (c.f ., Lobo et al., 1998). The first
step is to convert the Constraint (2b) to a form where the
expectation operator is expanded.5
∞
X
q T (αΠP )t r̃t ≥ y) ≥ η .
Pr̃ (

(3)

t=0

Using the assumption of fixed uncertainty, the following
form is equivalent to Constraint (3):
Pr̃ (υ T r̃ ≥ y) ≥ η
∞
X
qT
(αΠP )t = υ T .

(4a)
(4b)

t=0

Lemma 3.1 : (Theorem 10.4.1 of Prékopa, 1995) Suppose
ξ ∈ Rn has a multivariate Gaussian distribution. Then the
set of x ∈ Rn vectors satisfying
P(xT ξ ≤ 0) ≥ p
is the same as those satisfying
q
xT µξ + Φ−1 (p) xT Σξ x ≤ 0 ,

Using Lemma 3.1, Constraint (4a) can be converted into the
equivalent deterministic convex constraint given that η ≥
0.5:
i
h
1
υ T µr̃ − Φ−1 (η)k υ T Σr̃2 k2 ≥ y .

Lemma 3.2 : Using the change of variables ρ = υ T Π,6
Constraint (4b) is equivalent to:
P
υ T = q T + α a ρT
a Pa
P
T
T
T
υ = a∈A ρa , ρa ≥ 0 , ∀ a ∈ A ,

where ρa is the a-th column of ρ, and from feasible point
(υ, ρ), an equivalent pair (υ, Π) feasible according to Constraint (4b) can be retrieved using:
(
0
if υ(s0 ) = 0
0
Π(s, s , a) =
ρa (s0 )
0
1 = s } otherwise.
υ(s0 ) 1{s

The following theorem is proven using the constraint
replacement technique presented in Lemma 3.1 and
Lemma 3.2.
Theorem 3.3 : For any η ∈ [0.5, 1), the discounted reward percentile Problem 2 with fixed Gaussian reward uncertainty is equivalent to the convex second order cone program
1
P
P T
max.
Σr̃2 k2 (6a)
ρa µr̃ − Φ−1 (η)k a ρT
a
a
ρ∈R|S|×|A|
P
P T
T
T
(6b)
sub. to
a αρa Pa
a ρa = q +
ρT
a ≥0,

∀ a∈A,

(6c)

where given an optimal assignment ρ∗ , an optimal policy
π ∗ can be retrieved using:
( 1
P
if a ρ∗a (s) = 0
|A|
∗
∗
π (s, a) =
Pρa (s)
otherwise.
ρ∗ (s)
a

a

Solving a second order cone program (SOCP) is often considered to be not much more computationally demanding
than solving a linear program of comparable size (i.e., it is
feasible to solve problems of 103 -104 variables).7 This is
an appealing feature for the percentile problem which is actually preserved under different reductions of the Gaussian
assumption. However, one can show that the NP-complete
3SAT problem can be reduced to solving Problem 2 with a
discrete distribution on the rewards. Hence,

where µξ = E(ξ), Σξ is the covariance matrix of the random vector ξ, p is a fixed probability such that 0 ≤ p ≤ 1,
and Φ is the cumulative distribution function of N (0, 1).

Theorem 3.4 : Solving the percentile MDP Problem 2
with general uncertainty in the reward parameters is NPhard

4
Although this work focuses on fixed uncertainty, similar
methods can be derived for the problem of repeated uncertainty.
5
Here, Π ∈ R|S|×|S|×|A| such that Π(s1 , s2 , a) =
π(s1 , a)1
1{s1 = s2 } and the matrix multiplication ΠP is carried
along R|S|×(|S| |A|) × R(|S| |A|)×|S| .

|S|×|A|
By ρ = υ T Π,
such that ρ(s0 , a) =
Pwe refer to ρ0 ∈ R
0
(υ Π)(s , a) = s υ(s)Π(s, s , a).
7
In our implementation, we used a toolbox developed for Matlab: “CVX: Matlab Software for Disciplined Convex Programming” by Michael Grant et al.
6

T
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3.2. The Case of Uncertainty in Transition Parameters
We now focus on the problem of transition uncertainty.
This type of uncertainty is naturally present in applications
where one does not have a physical model of the dynamics of the system. In this case, P must be estimated from
experimentation and contains inherent uncertainty. Unfortunately, as was the case for reward uncertainty, one can
show that the percentile problem is computationally hard
in general.
Corollary 3.5 : Solving percentile MDP Problem 2 for
general uncertainty in the transition parameters is NPhard.
Because we cannot expect to solve this problem with general transition uncertainty, our analysis makes the Dirichlet
assumption and proposes a solution method that generates
near optimal solutions given a sufficient number of samples
drawn from P̃ .
Unlike in the case of reward uncertainty, where the optimal policy can be found using the nominal problem, finding a P
policy that simply minimizes the expected return
∞
EP̃ ,x ( t=0 αt r(xt )|x0 ∝ q, π) under transition uncertainty P̃ is already non-trivial. More specifically, as presented in (Mannor et al. 2007), the expected return can be
expressed as
∞
X
αt r(xt )|x0 ∝ q, π) =
E(
t=0

E(q T

∞
X

αk (X π Π∆P̃ )k X π r) ,

k=0

where ∆P̃ = P̃ −E(P̃ ), and X π = (I −αΠE(P̃ ))−1 . The
matrix X π is always well defined since P̃ can only generate stochastic matrices, thus ensuring
P∞ that I − αΠE(P̃ ) is
nonsingular.8 The expression E( t=0 αt r(xt )|x0 ∝ q, π)
therefore depends on all the moments of the uncertainty in
P̃ . Because we expect the higher order moments of P̃ to
decay quickly with the number of samples drawn from P̃ ,
it is reasonable to focus on second order approximation
∞
X
αt r(xt )|x0 ∝ q, π) ≈ q T X π r + α2 q T X π ΠQX π r ,
E(
t=0

where Q ∈ R|S|×|A|×|S| , such that


Q(i,a,j) = E(∆P̃ X π Π∆P̃ )

(i,a,j)

(i,a)

π
= π(i,a) Σ(j,·) X(·,i)
.

This is under the assumption that the rows of P̃ are independent and using Σ(i,a) to represent the covariance between the terms of the transition vector from state i with
action a.
8

Refer to footnote 5

Let F(π) be the second order approximation of the expected return under transition uncertainty, such that
F(π) = q T X π r + α2 q T X π ΠQX π r .
In order to show that minimizing F(π) leads to a nearoptimal percentile policy, we make the assumption that P̃
behaves according to a Dirichlet distribution. This allows
us to bound the approximation error in terms of number of
observed transitions. One can then show, using Markov’s
inequality, that the following theorem holds.
Theorem 3.6 :
Given state transition samples
{(s1 , a1 , s01 ), ..., (sM , aM , s0M )} and suppose that
∗
Mia∗ = mini,a M (i,a) , and η ∈ [0.5, 1), policy
π̂ = arg max F(π)
π

p
∗
is o(1/ (1 − η)Mia∗ ) optimal according to the percentile
MDP Problem 2 with known rewards, where the probability
P is the probability of drawing P̃ from the posterior Dirichlet distribution given that M (i,a) transitions were observed
from each state i and action a.
3.3. A Machine Replacement Problem with Dirichlet
Uncertainty in the Transition Parameters
We have chosen the machine replacement problem as an
application for our methods. Let us assume that we are interested in the repair cost that is incurred by a factory that
holds a large number of machines, given that each of these
machines are modeled with the same underlying MDP for
which the transition parameters are not known with certainty. In such a setting, it would be natural to apply a
repair policy uniformly on all the machines with the hope
that, with probability higher than η, this policy will have a
low maintenance cost on average. This is exactly what the
percentile criterion quantifies.
Our experiment uses a version of the machine replacement
problem with 10 states, 4 actions, a discount factor of 0.8, a
uniform initial state distribution and transition uncertainty
modeled with a Dirichlet distribution. States 1 to 8 describe
the normal aging of the machine, while states R1 and R2
represent two possible stages of repairs: R1 being normal
repairs with a cost of 2, and R2 a more involved one with
a cost of 10. A cost of 20 penalizes reaching an age of
8. In each of these states, one has access to three repair
services for the machine. We assume a Dirichlet model
for all transitions. In the case of each of the three repair
options, we use slightly perturbed versions of a reference
Dirichlet model that is presented in Figure 1. In this figure,
the expected transition parameters are presented given that
M transitions are observed from each state and action.
We apply three solution methods to this decision problem.
First, the nominal problem is formulated using the expected
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order to reduce the transition variance and, indirectly, the
overall expected cost.

4. Efficient Exploration using Percentile
Optimization

Figure 1. Instance of a machine replacement problem with Dirichlet uncertainty in the transition parameters.

Expected reward
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Figure 2. Performance comparisons between the optimal policies
according to the nominal, robust and percentile criteria on 10000
runs of the machine replacement problem as the uncertainty is
reduced.

transition probabilities. Then, we apply the robust method
presented in Section 2.2, for which we choose to use as
uncertainty set a box in R|S|×|A|×|S| that contains P̃ with
90% confidence.9 Finally, we use the “2nd order approximation” performance measure presented in Section 3.2 to
find an optimal policy for this machine replacement problem.10
Figure 2 shows the mean and 90th percentile performances
of the different methods on this problem as uncertainty in
the parameters decreases (or M increases). It is interesting
to see that the policy obtained by the 2nd order approximation method outperforms the policy obtained using the robust method and nominal method for a range of uncertainty
levels (low to high). This is mainly due to the fact the 2nd
order approximation method returns a policy that uses, in
states 8 and R1, a mixed strategy over the repair options in
9
Implementation details: using 10000 samples drawn from P̃
and a given γ ratio, for each parameter P(i,a,j) we choose A(i,a,j)
and B(i,a,j) so that they include a ratio of γ of the random samples. A search over γ is done to find the minimal γ that leads to a
box A(i,a,j) ≤ P(i,a,j) ≤ B(i,a,j) containing 90% of the samples
drawn from P̃ . We do not discuss the validity of this method as it
is purely illustrative of the difficulties involved in the choice of an
90% uncertainty set for P̃ .
10
Implementation details: Matlab’s optimization toolbox was
used to solve this constrained non-convex optimization of F(π).

In many practical situations, one has the possibility of investing (money, time or computation efforts) in actions that
will reduce one’s uncertainty in the model. This gives rise
to the so-called exploration-exploitation dilemma, one of
the most studied issues in reinforcement learning. In a
more popular version of this problem, an agent must decide at each point of time between actions with known return or actions with unknown return but with the potential
of even better return. Methods such as R-max and model
based interval estimation (see Strehl & Littman, 2005), lead
with high-probability to near-optimal policies in polynomial time. We are interested in a slightly different framework. We assume that, before committing to an exploitation strategy (such as a repair policy for the problem described in Section 3.3), one has the option to buy observations of the reward vector (or of transitions) for any state
and action pair (i, a) of the system. In this context, a valid
exploration strategy needs to provide either a pair (i, a) that
it wishes to observe or commit to a full exploitation strategy
for the system. We believe that this framework is particularly well suited for problems of short horizon compared to
the size of the state space.
In order to provide guidance in this decision, we apply the
concept of value of information (see Howard, 1966) to the
percentile framework. Given a probabilistic prior on the
model parameters r̃ and P̃ , and a risk-sensitive measure of
return G(π, r̃, P̃ ) for stationary policies π ∈ Υ, we define
the value of sampling r̃ and P̃ at (i, a) as


0 0
0
V(i, a) = E max
G(π
,
r̃
,
P̃
)
− max G(π, r̃, P̃ ) , (7)
0
π

π

where r̃0 and P̃ 0 are the posterior distribution of r̃ and P̃
respectively given random reward and transition samples
from state i with action a, and the expectation is taken
over the prior distribution of reward and transition parameters. Intuitively, V(i, a) gives the expected increase in return given that one would know more about the parameters
related to (i, a). The learning strategy we propose selects
(i, a)∗ = arg max V(i, a) as the most cost effective location for a new observation, and decides to stop investing in
uncertainty reduction when the maximum V(i, a) achievable is smaller then the observation cost. In what follows,
we apply this simple learning strategy on the percentile
problem with Gaussian priors on rewards, or Dirichlet priors on transitions.
4.1. Efficient Learning of Gaussian Rewards
We start by studying the case where we know the transition
parameters of the MDP exactly but where we have uncer-
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Given a measurement r̂(i, a) and a prior distribution on
2
r̃(i, a) ∝ N (µ(i,a) , σ(i,a)
), we can evaluate the posterior
0
02
distribution r̃ (i, a) ∝ N (µ0(i,a) , σ(i,a)
).11 The value of
information V(i, a), with G(π, r̃) set as the optimal value
of percentile Problem 6, can therefore be estimated using
Monte Carlo methods. To reduce computation, our approach relies on computing a lower bound for V(i, a) by
0
evaluating V(i, a) = E(G(π ∗ , r̃r̂(i,a)
)) − maxπ G(π, r̃) ,
∗
where π = arg maxπ G(π, r̃). It turns out that this approximation for V(i, a) can be computed in closed-form
given π ∗ :
0
V(i, a) = E(G(π ∗ , r̃r̂(i,a)
)) − G(π ∗ , r̃)
!
X T
X T 1
=E
ρ∗a µr̃0 − Φ−1 (η)k
ρ∗a Σr̃20 k2 − G(π ∗ , r̃)
a

−1

=Φ

(η) k

Average performance
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Figure 3. Average percentile and mean performances of sampling
strategies on a set of 1000 random MDPs with reward uncertainty
(free observations).
5

4
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2

a

X
a

1

ρ∗a T Σr̃2 k2

−k

X
a

1

ρ∗a T Σr̃20 k2

!

,

since the posterior update for σ(i, a) is independent of r̂
and since E (µr̃0 ) = µr̃ for such a Gaussian model. In
this framework, the η parameter for the percentile problem
studied in Section 3.1 controls how conservative the policy
is during the exploitation stage.
The following experiments compare percentile based sampling to random sampling and the model based interval estimation (MBIE) strategy12 on a set of 1000 randomly generated MDPs with reward uncertainty. Each model has 10
states, 2 actions, a discount factor of 0.8, initial reward uncertainty r̃(i, a) ∝ N (µr̃ (i, a), 1) and measurement noise
ν ∝ N (0, 1). For a given model, each (i, a) has a deterministic transition drawn uniformly from the set of states
and has µr̃ (i, a) drawn from N (0, 1). Figure 3 presents
the average percentile and average mean performances over
this set of uncertain MDPs given a number of observations
chosen by the different strategies (no observation cost). In
each run, once a strategy ran out of observations, the posterior uncertainty r̃0 was computed and used to evaluate the
0
(µ(i,a) /σ(i,a) +
The posterior updates are µ0(i,a) = σ(i,a)
−1
0
−1 −1
0
r̂(i, a)/σν ) and σ(i,a) = (σ(i,a) + σν ) . Note that σ(i,a)
is
independent of the observed r̂(i, a).
12
Being an online method, MBIE only provides a rule,
given a state, for choosing the action with highest explorationexploitation potential. To adapt this method to our framework, we
first draw a state randomly and then select the action with MBIE.
11

5

Average performance

tainty about the rewards. We assume that we have the option of buying noisy measurements of the rewards r̂(i, a) =
r(i, a) + ν(i, a), where ν(i, a) ∝ N (0, σν ). Using a Gaussian prior to represent the uncertainty in r(i, a), one can
easily solve the percentile problem (see Section 3.1) to find
an optimal risk-sensitive policy, the question is: is it worth
buying more information about the MDP before committing to a policy of this form?

1
0

0.5

1
Observation cost

1.5

2

Figure 4. Average total percentile return on the MDPs of Figure 3
for a range of observation costs.

mean and percentile return of the strategy through optimizing the nominal problem and the percentile MDP problem
given the uncertain reward r̃0 . We note that the percentile
strategy clearly outperforms both MBIE and random sampling for percentile return and, when restricted only to a
small number of observations, even in terms of mean returns. Figure 4 shows the average total percentile cost (final percentile return added to cost of extracted samples)
of our learning strategy given different observation prices.
Since MBIE and random sampling do not provide a stopping criterion for exploration, average total percentile cost
cannot be directly evaluated for them. Instead, we computed a lower bound on this performance by selecting in
each run, given the observation cost, the most profitable
point to start exploitation. We see that the percentile criterion based strategy outperforms even this performance
bound for both random and MBIE sampling.
4.2. Efficient Learning of Dirichlet Transitions
In the case where we have transition uncertainty, we model
our uncertainty using a Dirichlet prior and now have the option of buying state transition observations. The same problem arises in this framework: when should one stop paying
for these observations and start exploiting the system as one
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5. Discussion
In the context of high cost observations, the results of Section 4 demonstrate that random sampling and MBIE are
less efficient exploration methods comparing to the proposed value of information exploration. This is mainly due
to the fact that these methods disregard the cost of observations, but focus entirely on reaching an -optimal policy in
the long term. Methods such as the E 3 algorithm (Kearns
and Singh 1998) and the R-max algorithm (Brafman and
Tennenholtz 2003) suffer similarly. When observations
incur a non-negligible cost, the exploration-exploitation
dilemma takes the shape of a problem better expressed
through value of information. Ideally, one needs to reason
about sequences of observations that will have a high expected impact on percentile return while preserving a low
observation cost. Unfortunately, because this problem is
intractable, we settle for a strategy that acts greedily with
respect to a single decision. Such a strategy is therefore
subject to aborting exploration when no single observation
can lead to an immediate useful reduction of uncertainty

3

2.5
Mean return with exact parameter knowledge
Mean return for random sampling
Mean return for MBIE sampling
Mean return for percentile based sampling
0.9 percentile for random sampling
0.9 percentile for MBIE sampling
0.9 percentile for percentile based sampling

2

1.5
0

50

100
150
200
Total number of transitions observed

250

Figure 5. Average percentile and mean performances on a set of
1000 random MDPs with transition uncertainty (free observations).

Average performance

Our experiments compare the percentile learning rule to
random sampling and model based interval estimation
strategy on a set of 1000 randomly generated MDPs with
transition uncertainty. Each model has 10 states, 4 actions,
a discount factor of 0.8. For a given model, the rewards are
generated from N (0, 1) for each state, and the initial uncertainty in a transition from (i, a) is generated by selecting 3 possible next states uniformly, drawing the Dirichlet
parameters uniformly in the [0,1] interval and normalizing
them to sum to 1. As in Section 4.1, Figure 5 presents the
average percentile and mean performances over the set of
uncertain MDPs given a number of observations chosen by
the different strategies (no observation cost). Again, the
percentile rule outperforms on average random sampling
and MBIE in the choice of observations to make. Figure 6
shows the average total percentile cost of our learning strategy given different observation prices. Unlike the case of
reward uncertainty, the stopping criterion does not outperform the lower bounds on other methods but we expect it
to perform well against any reasonable stopping criterion
based on random or MBIE sampling.

3.5

Average performance

knows it? Given M transition observations from state i using action a, one can update the Dirichlet prior as suggested
in the Bayesian framework (see Gelman et al., 2003). Using G(π, P̃ ) = F(π), the 2nd order approximation to the
expected return presented in Section 3.2, the value of information V(i, a) can therefore be estimated with Monte Carlo
methods. Here, computing the lower bound for V(i, a) as
in Section 4.1 largely reduces the computational complexity of the Monte Carlo method by sparing us from performing the optimization inside the expectation term of Equation (7).

Percentile based sampling with threshold rule
Upper bound for random sampling
Upper bound for MBIE sampling
Upper bound for percentile based sampling
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2.2

2
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0.15
Observation cost

0.2

0.25

Figure 6. Average total percentile return on the MDPs of Figure 5
for a range of observation costs.

although a series of them might. This phenomenon can be
observed in Figure 3 where the percentile strategy does not
lead in general to the optimal policy of the underlying MDP
as more samples are used. However, in applications where
one can only afford a small number of observations (compared to the size of the state space), Figure 4 shows that the
percentile strategy is the best option.
The application of value of information to the explorationexploitation dilemma is not new (see Dearden et al., 1999).
However, previous work only applied this concept to the
MDP in its nominal form without considering the value
of risk-sensitive policies. Also, these methods have been
considered to be impractical since
they are confronted

 to
the problem of evaluating E maxπ0 G(π 0 , r̃0 , P̃ 0 ) with

G(π 0 , r̃0 , P̃ 0 ) being the optimal value of the nominal problem for each pair (i, a). This can only be done using
Monte Carlo methods and the computation requirements
grow quickly with the dimension of the state space, as one
needs to solve an MDP for each Monte Carlo sample of
each (i, a) pair. By studying the percentile problem, we
obtain a form for V(i, a) which can be approximated efficiently using the lower bounds presented in Section 4.1

Percentile Optimization in Uncertain MDP with Application to Efficient Exploration

polynomial time algorithm for near-optimal reinforcement learning. J. of Machine Learning Research., 3,
213–231.

Figure 7. Uncertain MDP where 90th percentile based sampling
is risk tolerant and chooses action b.

and 4.2.13
It is important to note that the success of our exploration
strategy relies on the formulation of an adequate prior over
the parameters and of a percentile threshold that truly reflects risk tolerance. Consider the uncertain MDP presented in Figure 7. If prior knowledge indicates that the
system MDP “A” is with 90% probability, a 90th percentile
based sampling chooses to exploit using action b without
sampling any state. This might seem sub-optimal since by
sampling the reward in state 3 it is possible to completely
determine the system and then choose the policy that avoids
the negative reward. Percentile based sampling disregards
the risk related to this negative event since, based on the
prior distribution, the risk is tolerated by the target percentile. In this example, one might feel more comfortable
using a 99th percentile.
Finally, we believe that percentile based exploration strategy should naturally extend to model based online learning.
We also expect that many important problems that have
been addressed using standard MDP models and “naive”
exploration methods, should be revisited and better resolved using the proposed risk-sensitive percentile criterion.
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